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a b s t r a c t
In this paper, He’s amplitude–frequency formulation is used to obtain a periodic solution
of a nonlinear oscillator with discontinuity. The accuracy arrives at 0.73% even when the
amplitude tends to infinity.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, we consider the following nonlinear oscillator with a discontinuous term [1]
u′′ + u |u| = 0, u(0) = A, u′(0) = 0. (1)
No small parameter exists in the above equation, so the classic perturbation method cannot be applied directly.
Ref. [2] suggested many effective methods to deal with such nonlinear oscillators. In this paper, we will apply He’s
amplitude–frequency formulation [2–4] to the above nonlinear oscillator.
2. He’s amplitude–frequency formulation
According to He’s amplitude–frequency formulation [2–4], we choose two trial functions u1(t) = A cos t and u2 (t) =
A cosωt , whereω is assumed to be the frequency of the nonlinear oscillator equation (1). Substituting u1 and u2 into Eq. (1),
we obtain, respectively, the following residuals
R1 (t) = −A cos t + A2 cos t |cos t| , (2)
and
R2 (t) = −Aω2 cosωt + A2 cosωt |cosωt| . (3)
If, by chance, u1 or u2, is chosen to be the exact solution, then the residual, Eq. (2) or Eq. (3), is vanishing completely. In order
to use He’s amplitude–frequency formulation, we set
R˜1 = 4T1
∫ T1/4
0
R1 (t) cos tdt = 2
pi
(
−pi
4
A+ 2
3
A2
)
(4)
and
R˜2 = 4T2
∫ T2/4
0
R2 (t) cosωtdt = 2
pi
(
−pi
4
Aω2 + 2
3
A2
)
(5)
where T1 = 2pi and T2 = 2pi/ω.
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Applying He’s frequency–amplitude formulation [3], we have
ω2 = ω
2
1R˜2 − ω22R˜1
R˜2 − R˜1
=
2
3A
2
(
1− ω2)
pi
4 A
(
1− ω2) = 8A3pi , (6)
where ω1 = 1, ω2 = ω.
We, therefore, obtain
ω = 0.921318√A. (7)
To illustrate the remarkable accuracy of the obtained result, we compare the approximate frequency with the exact one,
which reads
ωex (A) = 0.914681
√
A. (8)
The accuracy arrives at 0.73%, which is remarkably good considering the simple guesses.
3. Conclusion
A simple calculation with pencil and paper leads to an excellent result, showing potential and wide applications of the
method in future.
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